
Солай, Лrrсоlrtl, !hl. J_S, lta J, l97, рр. 2аr-267. Tmtslated lпtп Komk.ksllc Isslсdо|оаfrп. й/. Jl. Д|о 3, l97, цl. 27у2м,
Оrфiпаl Russiап Tia Cly.rnifu О t99Y Ьу Лсlопоч, ПплrхD,.

Transient Modes of Spacecraft АпgшIаr Motion
оп the Uрреr Section of the Rеепtrу Trajectoly

Y. S. Аslдпоч апd I. А. ТlmЬау

Sаmаrа Slate Деrоsрасе Uttiversiry, Sаmвrа, Лшsiс

Received Аugчýt 7. 1996

АЫrасt-Тhе motion of ап чпсопtrоllеd spacecraft аrочпd its сепtеr of mаss is considcтed, thc ttstoring
асrоdупаmiс mоmепt of lhe sрасссгаft Ьеiпg described Ьу ап odd Fочriеr sеriеs in the апglе of attack with
(he two fiгst hаrmопiсs. The evolution of phase trаjесtогiеs is studied оп (hе basis of analyBis of ап aclion
iпtсgгаI. fоr which the analytical fоrmulаs аrе obtained in fчll elliptic iпtеgгаIs оr еlеmепtаrу functions. The
mоmеп(s оf transition between vari<lus phBse рlапе rеgiопs and Ьочпdаrу conditions fоr kinematic раrsmе-
tеrs of molion аrе dеtеrmiпеd. Fог the cases of mоtiоп, whсп, iпtеrsесtiпg the separatrix. thc phasc point mау
fall into чаriочs oscillation rеgiопs, the fогmчlаs for determining the possibility of сар(чrе into апу rеgiоп
аrе found.

l. FORMULATION ОF ТНЕ PROBLEM

The motion of ап axisymmetгic ýрасесrаft аrоuпd
its сепtег of maý.s оп the uрреr sесtiоп of the atmo-
spheric rеепtry trаjесtоry is considered. Iп this case,
the чагiаtiоп of the velocity Of the сепtеr of mass, the
trajectory inclinatiol апgtе,_ апd the а9rоdупаmiс
damping mау Ье neglected. The ca.ýes аrе inve.stigaled о

iп which the сhаrасtег of mоtiоп changes duriпg the
rеепШу рrосе.ýs: the rotational motion trапsfегs into ап
оsсil!аtоrу опе, and the oscillatoly motion trшrsfеrs "Ьу
jumping" into the oscillatory motion with оthеr ampli-
tude characteгistics. The case of рlшrаr шgulаr rпоtiоп
of sрасесrаft with а sinusoidal шrg!е of attack depen-
dence of the rеstогiпg mоmепt is сопsidегеd iп [ l I.
This рареr сопsidеr.ý both рIапаr and spatial mоtiоп
аrоuпd а spacecraft's сепtеr of rnass with the angle of
attack depndence of the геstоriпg moment having а
fогm оf а Ьihагmопiсаl sегiеs. Such ап апglе of attack
depndence of the геstоriпg mоmепt i.ý typica! fог
uncontrolled rеепtry vehicles of segmentally-conical,
blunted conical, апd оthеr shapes (Soyuz, Mars,
Дроllо, Wkiпg, апd оthег rgепtгу modules). The ргеý-
епсе of the second hагmопiс iп mоmепt сhаrасtеris-
tics сач.ýеs the possibility of арраrапсе of ап addi-
tional equilibrium position of 8 ýpacecraft iп the angle
оf attack, i.e., 8п additional siпgulаr point оп а phase
роrtгаit of the system, which causes the арреаrапсе of
а .sегiе.s of пеw саýеý of trапsiепt modes.

The mоtiоп of а sрасесгаft with the Ьihагmопiс
mоmепt сhаrасtегistiсs аrочпd the сепtеr of rnass
uпdеr the аfогсmепtiопеd assumptioný is described Ьу

the system with slowly чагуiпg рагаmеtегs of typ [2|

&+F(с) = 0,

F(а) = (G - Rcoso)(R - Gcos a)/sin3c 
(I)

+ аsiп cr + bsin 2с = 0,

а =a(z), Ь = b(z),
whеrе с is the апglе оf attack; R = const, Q =сопýt stв
ргоjссtiопs of а kinetic rпоmепt чесtоr оп the longib
dinal axis of а sрасесrаft, noпnalized with r€spect to
the trапsчеrsаl mоrпепt of inertia; a(z), b(z) аIE'
mоmепt characteristic coefficients; z is а slorvly чаrу.
iпg рагаmеtеr.

The епеrgу iпtеgrаI of sy.stem ( l ) fог сопstапtr 4
апd D has the fогm оf

а2 /2+ }У(с) = h, (2)

whеrе

}У(с)

-zGRсоý с)/siп2с - acosc - Dcos2c.

тhе type of the syýtem's motion is determincd u!
the геlаtiоп between quantities о, Ь,fr, G, апd ft. Iп tlb
рlапаr саýе of mоtiоп (fr = Q =0), thгее typs of рhЦе
рогtrаits take place.

( | ) Ia l > 2lbl. The phase рrtгаit iB апаlоgочý to вп
oscillatory sуstеm of the- репdulum typc arrd is
depicled fоr а>0 in Fig. I (fоr а<0, the рhЬрiсrdrе '

is .shifted Ьу value r along the сr-axis).

= Jrc a)da 
= 

0.5 (G' + R2

/
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(2) Ь > 0.5 lcl, Ь > 0. Some additional siпgulаr points
of saddle type арреаr оп the phase роrtrаit. These points
corтespond to the values оf the angle of attack
с[* = *аrссоý( -0.5с lb) + 2ttп (п =0, t l, *Z, ...), and
three regions of motion take place: а rоtаtiопаl and
two oscillatory ones (Fig. 2).

case а > 0 is shown in Fig. 3 (for а < 0, the phase pic-
tuге is shifted Ьу value п along the с-axis). Неге.ýопlе
singular points оf сепtеr type соrrеsропd to the values
оf the angle of attack ct,* = *аrссоs(_0.5с lb) + 2lm
(ll = 0, + l , *.Z, . . .), апd fоuг rеgiопs of mоtiоп take
place, а rotationa! апd thгее oscillatory ones (Fig. 3).' In the spatial case оf motion, the рrеsепсе оf а
gуrоsсорiс tеrm in equiition (l) stipulates tlre exclu-
sively oscillatory сhаrасtеr оf sрасесгаГt nrotion. The
рrеsепсе of the .second hаrlпопiс in the nloltlent сhаr-
acteri.stics causes а pos.sibility оf арреаrапсе of some
siпgulаr point of saddle type оп the phase роrtrаit оГ а
.sy.stem. In thi.s case, thеге аге thrее oscillation regiolts
(Fig. 4).

In connection with the change of с and Ь coeffi-
cients duгiпg the mоtiоп, the ечоlutiоп of phase trа-
jectories takes place. As а reýult, these trajectories сап
intersect sераrаtгiсеs and fall into чаriоu.s phase роr-
trаit regions, which is followed Ьу qualitative сhапgеs
in the motion сhаrасtеr. Figurе 5 shows опе оf the
possible чеrsiопs оf ап апgIе of attack variation in the
case оf а spacecraft's spatial mоtiоп аrоuпd the сепtеr
of mass duriпg descent.

Coefficients а апd Ь, whose variability is associ-
ated with the аtmоsрhеriс density variation duriпg the
descent, may Ье rерrеsепtеd in the fоrm [2]

а = CrrZ,, Ь = СбZ;

Fig. l. Phase portrait of the рlапаr mоtiоп: |at >zlbl.

Fig. 2. Phase рfirаit of the рlапаr mоtiоп: Ь > 0.5|а|, D > 0.

(I

тg т\G

са = -mnSlptllV|lQI), сь

z = ехр(Fr), р =

Fig. 3. Phase роrtrаit of the рlапаr motion: |Ь| > 0.5lal, Ь < 0.

Fig. 4. Phase роrtгаit of the spatial motion.

Fоr system ( l ), the equality | = const is valid for
the majority of Ьоuпdаry conditions to ап ассurасу of
О(еlпе) fог times оf the огdеr of I/e [3], whеrе е is а
small раrаmеtеr characterizing the rаtе of the чаriа-
tion оf раrаmеtеr z. Ап exceptiona! set of initial соп-
ditions, fоr which this evaluation is invalid, has а mеа-

The motion modes сопеsропdiпg to the given initial
conditions аrе called the modes of spacecraft hочеriпg
in the uпstаЬIе equilibrium vicinity. These modes
wеrе thоrоughlу investigated iп tzl and аrе поt соп-
sideгed hеrе.

(3)

whеrе пlпl lTl1, ?tе constant coefficients, S is the сhагас-
teristic агеа, / i.s the characteristic dimension, I i.s the
trапsчеrsаl mоmепt оf iпегtiа оf а spacecraft , Vо is the
flight velocity, 00 is the trаjесtоrу inclination angle,
ptrl is the аtmо.sрhеriс density at the "atmosphere
Ьоuпdаry" at time t = tt, ?пd }, is the logarithmic dеп-
sity gradient in height.

То describe the motion of а system with slowly
чаrуiпg рагаmеtеrs (I), we shall use the iпtеgгаl of
action written in the fоrm of

G,,,-

I = J ada,
Сmlп

where Gmiп,. щоп, аrе amplitude values of the angle of
attack (iп а рlапаг rоtаtiоп, оQп;п - -п, (r'u, - п; in pla-
паг oscillations, счп;п = -оtп"r); сr is determined frоm
the епеrgу iпtеgrаl (2)

= -mбSlРtll V3t<2I),

tr Ио|siп 0ol ,

(4)
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50 I00 l50 сr, deg

Fig. 5. Сhаrасtег of spatial mоtiоп variation duriпg the
rеепtrу: (а) phase trаjесtогiеs; (Ь) чагiаtiоп of the angle оГ
attack.

[п this wоrk, the analysis of tгапsiепt modes of
motion is based оп analytical expressions fоr the
action integral (4). The time moments coresponding
to the transitions between чаriоus phase роrtrаit
regions аrе determined frоm the equality of the action
iпtеgгаl expression calculated along the sераrаtriсеs
to the action iпtеgrаl чаIuе calculated frоm the initial
conditions of motion.

The value of the апglе of attack at the boundary of
transition frоm опе type of motion to апоthеr depnds, in
the gепеrаl case, uроп the distribution of initial angles of
attack and апgulаr velocities at the аtmоsрhеrе Ьоuпd-
8ц, as well as uроп the rаtе of сhапgе of с and Ь coeffi-
cients [2I. It is assumed that, for the time of motion
Ьеfоrе геасhiпg the transition Ьоuпdзц, the vehicle
makes seveйl tuгпs оr oscillations, so that the angle of
attack mау Ье supposed to Ье а rапdоm чаriаЬlе uпi-
fогmlу distributed within the rапgе uпdеr consideration.
Iп this case, the апgulаr velocity value сr is determined
fгоm епеrgу integral (2).

Iп cases when, 8t inteгsecting separatrices, the phase
point may fall into чаriоus oscillation rеgiопs, the рrоЬ-
lem of choosing а motion continuation rеgiоп arises. Lлt
sераrаtгiсеs /1 and /2 sерагаtе the iппеr regions of motion
Дr, А2 frоm the оutеr опе, Дз (see Figs. 2, 3,4). Fоr
choosing the motion continuation rеgiоп А l ог Az, the
probability Pi, i = 1,2, of сарturе into each is used. In
ассоrdапсе with [4J, this ргоЬаЬilitу is defined as the
frасtiоп of а phase volume of а small пеighЬогhооd
аrоuпd the initial point of motion, which is "captured"
into the rеgiоп uпdеr consideration in the limit whеп
а small раrаrпеtеr t * 0 апd the dimension of neigh-
Ьоrhооd Е --> 0, t < Б (the limit is first taken очеr t

and then, очеr Б, whеrе Р1 + Pz= l ). The ratio of рrоЬ-
abilities is calculated Ьу fоrmulаs

0,=

(5)

(б)

Е = Н(р, Q, z) - н(0, q*, z),

whеrе |f = p2l2 + W(q, z) is the Hamiltonian; р = а,,
q - G аrе canonical variables; р - 0, {* = с[* аrе сооr-

dinates of а singular saddle-type point оп the phase
роrtrаit (Е = Q at а singular saddle-type point and оп

separatrices, Е > 0 in Аз, Е < 0 in А t,z)i fr= i = Fz.
Integrals (б) аrе calculated along the ýераrаtriсеs I|

and /2, parametrized Ьу time r of undisturbed motion
along these sераrаtriсеs.

Опе should note that, since we сопsidеr the uрреr
section of the rеепtry trаjесtоry fоr which fr) 0, the
quantities 0; wiII also Ье positive; thеrеfоrе, а single
passage through the phase point sераrаtriх frоm the
оutеr геgiоп into the iппеr опе takes place [4J.

тhеrеfоrе, with the kпоwп initial conditions of
motion at the atmosphere Ьоuпdflц, опе mау trасе the
phase trаjесtоry evolution, find the times of transition
into eaclr characteristic rеgiоп of а phase роrtrаit, and
determine the Ьоuпdаrу conditions of motion fоr this
rеgiоп.

2. тнЕ PLANAR MoTIoN
The analysis of trапsiепt modes will Ье сагriеd оut

fоr thгее aforementioned cases of рlапаr motion, the
phase portraits of which аrе shown in Figs. 1-3, апd
also fоr ап additional special case, when а = 0, Ь *0.

depicted iп Fig. l (fоr definiteness, we shall consider the
case of а ) 0, since this condition can always Ье achieved
in equation ( l ) Ьу а рrореr choice of the геfеrепсе sys-
tem). The rotational motion of а sрасесrаft аrоuпd the
сепtеr of mass is gочеrпеd Ьу the condition h > а - b.I-et
us find the analytical expression fоr the action integral iп
the rotational motion. 'we iпtrоduсе а пеw чагiаьlе
.| - cosс,; thеп the integral (4) fог R - Q = 0 takes the
fоrm

с, deg/s

40

20

0

_2о

-40

0

2а

40

б0
l,C

с, deg

L=1
Р2 02

-f#-f,dt
lt

(i = |,2),

-l

I= -z!#du,
l

(7)

whеrе

f (u) = 2(| - u'Xft + ач + bu'). (8)

The геsult of integration of ехргеýsiоп (7) depends
оп the sign of а highеst-оrdег coefficient of polyno-
miаlЛи) and оп the types of its roots. Two of the fоur
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rооts of polynomial (8) аrе unambiguously rеаl and
согrеsропd to the vatues of tl. The two rеmаiпiпg
roots may Ье either rеаl оr complex-conjugated,
depending оп the relation between quantities h, Q, Ь.

The following expressions for the action integral take
place:

Fоr Ь > 0, h > а2/(4Ь) (two rеаt and two complex-
conjugated roots) )

I = qtft K(k) - tcl(I + l/п)ll2t,K(ft) - П(п, k)] 
tnl

+ bt,((t) + (Е(е) - ( l * п)П( п, k))/(k'+ п)J},

whеге К(&), E(ft), П(ll, ft) аге full elliptic integrals of
the first, second, апd third kind; ft = [0.5 - (h - Ь)/ФО7||2

is the modulus of elliptic integrals, ll = (r - il2|(4рr),
ц - 8lФr)''': р,, r - tz(h t а + b)7|l2.

Fоr Ь > 0, /l - а2|(4Ь) (all roots аrе rеаl, two rооts
being equa! to each оthеr, the modulus of elliptic inte-
grals ft = 0),

I = 2па/ лm. ( l0)

Fоr Ь > 0, [а2lц4Ь)1> h> [с - Ь]апd Ь <о, h > а - Ь
(aIl roots аге rеаl),

I=

+ b[l + (l _+ ll)2 
кG1 * 2(l-+ П) ЕG) (l l)

L п' п(k'+п)

-'#i(*-#)пQt,k]},
where |g=t2Ф-r)|(Ф- l)(I + О)7||2,п-2lФ- l),
Tl = SltzЬФ lXl + r)7|lz; р, r = -а/(2Ь) * sgn(b) Х

[(al(2b))2 - hl b\ll2.

Fоr S = 0, we have а раrtiсulаr case of motion with
а sinusoida! mоmепt characteristic, and the action
integral is determined Ьу the fоrmulа

I = 4J2ш+a)E(&),

IKrl = 4

+u*lп((l - @)/ л!П)l, fоr Ь<0,

I(zr= 8{Б, fоr Ь = 0,

whеrе ц,tr =|al(2b)l = |m"l(Zmъ)l.

Using fоrmulаs ( l 3)-( l 5) and taking into account
the constancy of ап action iпtеgrаl, /,2, = /t11, опе сап
dеtеrmiпе the value of coefficients Ь апd с at time 12 in
tеrms of initial conditions of rotational motion:

bt l = {I <п/[

brrl = -t/t п/[

( l4)

( l5)

( l6)
fоr Ь>0,

( l7)
fоr Ь <а,

n{, к&) + а[(, -:)к&, - (, - ])ntn, 
fr)]

Неrе the action integral (l, is calculated frоm the ini-
tial conditions of motion Ьу using опе of fогmulаs
(9)-(l2).In the case when, at the atmosphere Ьоuпd?ц,
a(l) and bt,l coefficients аrе essentially small iý com-

раrеd to the апgulаr velocity c[1l1, the action iпtеgrаl /t,l
сап Ье dеtегmiпеd Ьу the well-known fоrmulа [2J

+ u* ln(( l + f, + t )/ lЙ)ш2 /32

a(z) = t|rrt Ва fоr ь = 0.

t2 = ( ln [Ьrц/ сь]'/ В),

t2 = lп [clz )/ col/P.

(l8)

( l9)/t,l = ZПUlly.

The time coffesponding to the mоmепt of transition of
rotation into oscillations is determined frоm ехрrеs-
sions (3) Ьу using fоrmulаs ( l 6)-( l8),

оr

(20)

(2l )

whеrе k = [Zal(h + а)7||2.

The transition Ьоuпdагу of rotation into oscilla-
tions is described Ьу the |1 = а - Ь condition (all гооts
of polynomial (8) аrе rеаl, two roots аrе equal to each
оthеr, the modulus of elliptic integгals k - 1). At the
tгапsitiоп Ьоuпdагу, at time t = t2, the following
ехрrеssiопs fоr ап action integral, which is taken
along the sераrаtriсеs, аге valid:

Опе should поtе that, ассоrdiпg to equalities (3), coef-
ficients а and Ь iп the case Ь * О аrе геlаtеd Ьу the
equal ity а = ЬQпоl m6).

Let us determine the boundary conditions fоr the
angle of attack апd the апgulаr velocity. We suрроs€
that, fоr the time of rotational motioo tz- t|, the vehi-
cle реrfоrms sечеrаl turпs. Тhеп the angle of attack
G, - чzl сопеsропdiпg to the time t = tzmay Ье consid-
еrеd to Ь а rапdоm чаriаЬlе, uпifоrm!у distributed iп
the rапgе frоm -п to тс (to ап ассurасу of ргiоd 2п). Fог
the апgulаr velocity drrl , taking into account the

епеrgу iпtеgrаl (2) and equality htц = a(z) - bqzy, we
have the fоrmulа

trtrl = Sgn(crtrl)[2a12,,(| + cosc[lz1)

-2bp,sin2сtzl |'О .

( l2)

I Krl = 4 J2ф|t uE.- - ' 
+ u* аrсtап (

fоr Ь>0,
@ll,

( l3)

-2Ьцzу[
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(2) Ь > 0.5 lcl, Ь > 0. The phase portrait is shown in
Fig . 2. Coefficient с mау take both positive and пеgа-
tive values. The h > a2l(4b) condition соrгеsропds to
the rоtаtiопаl motion of а sрасесrаft аrоuпd the сепtеr
of mass. The action integral in the rotational motion is
determined Ьу ехрrеssiоп (9), since, iп this case, two
гооts of роlупоmiаl (8) аrе rеаl and two others аrе
соmрlех-Ъопlugаtеd.

The h = a2l(4b) condition coffesponds to the
Ьоuпdаrу of transition of rotation into oscillations. At
the transition Ьоuпdагу at time t = t2, the action inte-
grаl, taken along the sераrаtгiсеs, has the fоrm

I <z) = 4 Jzцi sin с[* * (0.5 п -0*. )соsсr,r ], (23)

whеге С[* = аrссоs(_0.5 alb).

Taking into account that Io = /1l1, we determine
frоm equality (23) the value of coefficient Ь at time 12

thгоugh initial conditions of the rotational motion

brrl = [ Iкц/(siпс{. + (0.5 п-O*)соsс*)l'tЗ2.(24)
The time corTesponding to the moment of transition of
rotation into oscillations is determined Ьу fоrmulа
(20).

Since at t ) tzthe vehicle сап oscillate with respect
to опе of two stable positions of equilibrium in the
angle of attack ct, - 0 оr ct, - п, let us dеtеrmiпе the
probability of falling into these oscillation rеgiопs.
We denote Ьу Р| the pгobability of fаIliпg into the
vicinity of the angle of attack value сr = Q; Ьу Рr, the
pгobability of falling into the vicinity of сr - 7t, whеrе
pr + pz= l . дftеr appropriate calculations Ьу formulas
(5) and (6), we have

1 - с* cot cr*

whеrе с[* = аrссоS (-0.5а l Ь).

(3) lDl > 0.5 lal, Ь <0. The phase роrtrаit of а syý-
tem is depicted in Fig. I (fоr definiteness, we consider
the case of а > 0, since this condition сап always Ье
achieved in equation ( l ) Ьу а рrореr choice of the rеf-
еrепсе system). Тhе rotational motion of the space-
сrаft аrоuпd the сепtеr of mass coпesponds to the

tional motion is determined Ьу ехрrеssiоп ( 1 l ), since
iп this case all roots of роlупоmiаl (8) аrе rеаl.

The |1 = а - Ь condition coresponds to the Ьоuпd-
аrу of transition of rоtаtiоп into oscillations with
rеsресt to the unstable position of еquiliЬгium сr = Q.

At the transition bound аry at time t = t2, the action
iпtеgrаl, taken аlопg the sераrаtriсеs, is determined
Ьу expression ( l4), whеrе, in this case, и,F = cos (f,*. =

-0.Salb. The value of coefficient Ь at time /2 is deter-
mined in terms of the initial conditions of rotational
motion Ьу equality (l7). The time coпesponding to
the transition of rоtаtiоп into oscillations is calculated
Ьу fоrmulа (20).

At а - Ь > h > -а - Ь, the vehicle oscillates with
respect to the unstable equilibrium position сr - 0. Let
us find the analytic ехрrеssiоп fоr the action iпtеgrаl
in the oscillatory motion. In this case, all roots of
polynomia! (8) аrе rеаl, апd опе of them согrеsропds
to amplitude values of the angle of attack|. цу =
cosOQno* = cosOQnin = cosa^, апd it is the uрреr limit of
integral (7). As а rеsult of iпtеgrаtiоп, we have

I= - atr((k) - 2(| + п)П( п, k)l

ASLANOV, ПМВАY

',"'{r,((ft)

l+(Tc-cl*)cotcr*
(25)

As seen, the чаluе of the probability of the vehicle
falling into апу oscillation rеgiоп is determined only
Ьу the value of ап unstable position of equilibrium in
the angle of attack с = Cf,{..

Let us dеtеrmiпе the Ьоuпdаry conditions fоr the
angle of attack апd the апgulаr velocity. The angle of
attack ([ = с<zt соrгеsропdiпg to the time t = tz will Ье
assumed to Ье а rапdоm чагiаЬlе uniformly distrib-
uted in the rапgе frоm -с[* to Ct,* оr in the rапgе frоm
ct* to 2тс - cf,d.. The probability of falling into these
rапgеs is determined Ьу fоrmulа (25). Thking into
ассоuпt the епеrgу integral (2) and the equality h =
а2Ц4Ь1, we have fоr the апgulаr velocity dtrl the
expression

dtrl = Sgn (Ctt, r) [ 2aKzlCOS G(z) ,

+2Ьр,.оr'Gtzl * o'n l(2Ьцzl)l''', ог

dtrl = sgn(ctc ф J2фу|соs сtz) - cos o*l,

- ь[,, + 2п)к(ft , -'#:#' E(k) (27)

2(| + п)Чr| + 2k2п + п2)п(п,

k2+п

р|

р2

о,]},

whеrе k =[0.5(I + и;)( | - u^)|(ut - u^)l|o; п= 0.5(и, - l),
Q = 4l[Ь(um u)l|Di ut, цm- -al(Ъb) *.[(alLblz - hlЬуп.

Опе should поtе that ехрrеssiоп (27) is а function of

раrаmеtеrs а, Ь and cosct,rt (h = -сcosc[,,l bcos2сrr)
and rерrеsепts ап implicit specification of the ampli-
tude of oscillations с[,п in tегms of о, Ь апd the initial
чаluе of the action iпtеgгаl.

The |1 = 4 - D condition corTesponds to the bound-
аry of tгапsitiоп frоm the геgiоп of oscillations with
respect to ап unstable equilibrium position сr = Q into
опе of two regions of oscillations with rеsресt to sta-
ble еquiliЬгium positions с[* = tагссоs (-0.5 а lb). At
the transition Ьоuпdагу at time t = tз, the ехрrеýsiоп

(26)
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-2Ьр} COS C[rK

- cosc[*ln((I +

Taking into accotlnt that /,,, = /1l), we
frопl equality (28) the value of coefficient
iп tеrms of the initial conditions of motion

brrl = t/r,)/[

-cosct*ln((l +
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The епеrgу integral of equation (33) fоr constant Ь
has the fоrm

a2/2-Dcos2c = lt. (34)

The h > 0 condition соrrеsропds to the rоtаtiопаl
motion of а spacecraft with respect to the сепtеr of
Inass. We write the expression fоr ап action integral iп
tlre explicit fогпl. Substituting rеlаtiоп (34) into fоr-
mula (а) and integrating the result, we obtain

I = 4Jцh+Ь)Е(k),

TRANSIENT MODES ОF SРАСЕСRАF-Г ANGULAR MOTION

fоr ап action integral takes the fоrm

=4/t, l
(28)

)J.

dеtегпr iпе
Ь at tilne r,

1 Q9)
}, / 32.

(3l )

(33)

(35)

The time соrгеsропdiпg to the given transition will Ье
determined frоm expressions (3) Ьу using (29),

t1 = lп [Ь,з / cbt/P. (30)

The amplitude of oscillations at time rj is found frоm
the епеrgу integral (2), taking into account that йtзl =

-сtзl-Ьtзl= W(ал,r,),

сt,n,,r, = arccos[2cosG,K- lJ.

whеrе |g = Ib l(h + I)J|l2.
The h = 0 (& = l) condition соггеsропds to the

Ьоuпdаrу of transition of rоtаtiоп into oscillations. At
the transition Ьоuпdаry at time t - t2, the ехргеssiоп
fоr ап action integral takes the fоrm

I<rl = 4 (36)

Taking into ассоuпt that Io = /t,l, we determine
frоm equality (3б) the value of coefficient Ь at time r,
in tеrms of the initial conditions of rotational motion,

Ьtl= t|rr/зZ, (з7)

оr, using fоrmulаs (34), (35), we have

Ьt l = to?, /2+ btLl(l -.or'Otl))]tЕ(&t,l)J'. (3s)

The time согrеsропdiпg to the moment of transition of
rоtаtiоп into oscillations is calculated Ьу fоrmulа
(20).

Now we determine the Ьоuпdаrу conditions fоr the
angle оf attack and the апgutаr velocity. The angle of
attack сr - Gtzl соrrеsропdiпg to time t = tz is consid-
еrеd to Ье а rапdоm чаriаЬlе uпifоrmlу distributed in
the rапgе frоm -пJ2 to пl2 ог iп the rапgе frоm тtl2 to
3пl2. The falling into mentioned rапgеs is equally
рrоЬаЬlе in ассоrdапсе with fоrmulа (25), since, in

equality /l - 0, we have fоr апguIаr velocity

dtrl = SgП(Сt |;"fБп)СОSG(2).

3. тнЕ SPATIAL MoTIoN
The phase рогtrаit fоr equation ( l ) in the case of а

spatial motion is dеtеrmiпеd Ьу the relation between
qЪantities h, а, Ь, R,and G. The qualitative analysis of
equation ( l ) shows that, if, inside the iпtеrчаI fоr the
angle of attack (0, п), the saddle point is absent in the
рlапаr case of R - G - 0, then it is also absent iп the
case of spatial motion irrespective of quantities R and
G. оп the оthеr hand, if, fоr R - G = 0, the saddle point
actually takes place (the case of D > 0.5 lal, Ь > 0), thеп
its absence сап Ье provided опlу Ьу choosing suffi-
ciently high (in magnitude) and finite R апd G values.
We analyze the case when the saddle point exists; then
the phase рогtrаit of equation ( l ) has the fогm shown
in Fig. 4.

Now we determine the boundary conditions fоr the
angle of attack and the апgulаr velocity. The angle of
attack (f, = Otзl corтesponding to time t = tз is consid-
егеd to Ье а rапdоm чаriаЬlе uniformly distributed in
the rапgе frоm -on,,r, to 0, оr in the rапgе frоm 0 to

сf,лllз). The falling into mепtiопеd rапgеs is equally

рrоЬаЬIе, since the oscillation regions аrе equal and
sуmmеtгiсаl with respect to а siпgulаг saddle point
cl - 0, and we have in fоrmulа [5] 0l = 02. Thking into
account the епеrgу iпtеgrаl (2) and the equality й(зl =

-сtз) - Ь,r,, we have fоr the апgulаr velocity dt1 the
ехргеssiоп

dtr) = tLlаtrl(соsOtзl- l)- 2ЬrзlSiП'О, rr1"', (з2)
оr

d,r) = +J-zЦ;2соsO*(соsOtз)- 1) + sin'o,r,J"'.
() а - 0, Ь *0. In this case, fоr Ь> 0, the phase роr-

trait of а system has а fоrm shown in Fi Е.2, but in this
case, the oscillation regions with геsресt to stable
positions of equilibrium in the angle of attack ct, = 0
and сr - п аге equal and symmetrical with respect to
ап unstable equilibrium position сr - ftlz. Fоr Ь < 0,
the ph.ase рiсturе is shifted Ьу the п/2 value along the
cr-ax is.

In 'the case uпdеr consideration, the spacecraft
motion is described Ьу the equation

c+bsin2u = 0.

since this condition сап always Ье achieved in equa-
tion (33) Ьу а рrореr choice of the rеfегепсе system.

cos а*) / cos 0* ) J.

cos c[*

cos а*)/ cosc*)J

2Ьру,
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Let us find the analytical expression for ап action
integral in the case whеп the sрасесrаft is oscillating
in the оutеr rеgiоп А1 (Fig.4). We introduce the чагi-
able u = cosct,; then the integral (а) takes the fоrm

u2

I = _lЩdu,
J l-u
|lI

f (u) = - 2Ьча -zou' + 2(Ь - h)u'

+ 2(а + GR)и + (2h - G2 - R'),
U | = COS Gmiп , Ц2 = COS 0rrr.

пмвАY

саýе, polynomial (40) has the fоrm

f (ч) = -2Ь(ч -иr ) (u - ч)(ч - u*)',

and integral (39) is calculated iп tегms of elementary
functions аý

It l = J2ц,
(42)

where

опе should note that, iп the case of motion inside the
оutеr oscillation геgiоп, the polynomial (40) also has-
аlопg with the roots согrеsропdiпg to amplitude values
of the angle of attack ц1 = cosсlr;n, и2 = cosob.*-two
complex-conjugated гооts:. из,4= иу* iw,, and иzl цу1
и1. Substituting polynomial (40) into the fоrmulа fоr
action iпtеgrаl (39) and integrating the result, опе obtains

{

I = п{ й K(k) + at^.K(,t) + ч(l * п)П(п, k)|
L

+ ь[,л' - v2( 1 + п))к(е, - (#)rcrl

(40) wherc cl= иt * lt2*2u*, с23 = (1 Т и*) J@, т l)(uzT l),
l )(и* - ur) +Et = (иr + ц2- 2u*)|lчz- uJ, Бr,, = [(и2 Т

(иl Т l)(и* - u)l/l@z- u,)(и* т l)l.
Thking into account the constancy of ап action

integral l.r, = {11, we rеwritе expression (42) in the
fоrm

х(0.5п+ аrсsiпБ,))/(
(ц)

- (0.5cl * mо/mа)(0.5п- агсsiпБ,)),
with Р1 * Р2= l.

Now we dеtегmiпе the Ьоuпdаry conditions fоr the
апglе of attack and the апgulаr velocity. The angle of
attack сr - чzl corтesponding to time t = tzis supposed to
Ье а rшrdоm variable uпifогmlу distгibuted in the rапgе
frоm сmiп,r,, to с[* оr in the гапgе fгоm с[* to 0**,r, . The
probability of falling into the mentioned rапgеs is deter-
mined Ьу fогmulа (Ц).Тhе апgulаr velocity trtrl is
deteгmined frоm the епеrgу integral (2) taking into
account that quantity h is dеtегmiпеd frоm the condition
of transition of complex-conjugated rооts из, 4 = цу t iw
into rеаl ones цз,4= из4= ц*l W = Q.
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(39)

(41 )

"{, i.,аrсsiпБ,},
i=l

b<z)= 
{r,,,r|,

+(1 ,2к *lt

i0.5 di[XiK(k) + v,( l + п,)п(пi, /,)I },
i= l )

whеrе k = [0.5(l - (/B)J'/2, п = (€ l)2/(4E), п =

4l J2b$, l = (иrЕ - uz)/(Ц- l), v = 2е@2- ц)|(е2_ 1),

Ц = (иr чэц)(чz uзц) + w2, Ф = [(иl чзц)2 +

w2||l2f(uz- чу)2 +wzl'О,Ц= [(иt-изц)2 + ,21-1l2[@z-
чу)2 + wzl|П, d|,2= 0.5(G т R)2, п1,2 = (q - l t ц2 т
Eur)z/t4Ц(l тиr т иz* upz)!, L,,2= G- l)(€- l t uzT
Eur), v 1.2=(1 + €lttl + Е т uzT Eur) - Lt,z.

Expression (4l ) is а function of раrаmеtеrs а, Ь
and СОSGmах = и2, Sin се h = I4(61.ur), апd rерrеSепts an
implicit specification of а rпахimum чаluе of the апglе
of attack сq""* in terms of а, Ь and the initial value of
the action integral. In this case, the minimum value of
the апglе of attack is ctmin = аrссоsи1.

The time of tгапsitiоп fгоm ап оutеr oscillation
геgiоп into опе of iппеr oscillation regions, which аrе
separated Ьу а separatrix, is defined Ьу the time of
tгапsitiоп of complex-conjugated roots цз.4-- цзц*. iw
into rеаl опеS цз,4 = I|з4 - и*, = coSC[*, w = 0; in this
case, the modulus of elliptic integrals k = 1. Now we
obtain the fоrmulа fоr ап action iпtеgгаl at time t = tz
corTesponding to the mentioned transition. Iп this

v* 
")(

3

Дс,аrсs'"U,] |'r' 

43)

Coefficient b<zl is determined Ьу а simultaneous sotu-
tion of equation (43) with the determination of roots
of polynomial (40). Quantity h is determined frоm the
condition of transition of complex-conjugated rооts
из,4 - цу *. tw into rеаl ones цз,4 - иу - И*,, w = 0. The

time соrrеsропdiпg to the moment of transition uпdеr
consideration is calculated Ьу fогmulа (20).

Since the vehicle at f ) t2 mау сопtiпuе its motion
iп опе of two iппеr oscillation regions Д| оr А2
(Fig. 4), we determine the probability of сарturiпg
into these oscillation rQgiопs. Using formulas (5) апd
(б), опе obtains

р,
i = (J( ц1- u*)(u* - ц2) + (0.5cl * mо/ m6)

- u* )(и*

- u*)( иу - uz)

- u* )(и*

-u*)(u*-uz)
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Thus, we have investigated the trапsiепt modes оГ
mоtiоп оГ а .чрасесrаft with а Ьihаrпlопiс lllonrent
characteristic at the uрреr section оf а trаjесtоrу both
iп а рlапаr and in а spatial case of nrotion. Tlre analyt-
ical Гогmulаs аrс fоuпd fог ап action iпtсgrаl,
expressed in tеrm.s of full elliptic iпtеgгаls, and along
the separatrices, iп tеrms оf еlеmепtагу Гuпсtiопs.
Based оп the latter. we determined the пlопlепts оf
time согrе.ýропdiпg to the transitions between чаriоus
геgiопs of the system's phasc роrtrаit and thc Ьоuпd-
аry conditions fоr kinematic раrаmеtеrs of motioll.
Fог the cases оf mоtiоп. whеп iпtегsесtiпg а sерага-
lгiх, the pha.se point mау fall into чаriоu.ý o.ýcillation
rеgiопs; the fогmulаs аге found fоr determining the
probability of сарturе into апу rеgiоп.

REFERENCES

Кuzпtаk. G.Е. Dittalltika,tetlplravlvae,tro3o clyizheltil,c
Ietate['пvkll appara161l 1лгi vkhode ч attrtosferu (Dупапr-
ics оГ Unctrniitlllcd Mtltion оГ Space Vchicles <Iuгiпg
Rеепtrу into the Аtmкlsрhеге), Moscow: Nauka, I970.

Yaroshevskii, V.A., Dt,i:Jrcltie rrrrrlrrrlvh,cleпl()8() lеIч L,

alпtosfcre (Motion of Uncontr(llted BKK!ies in the Atmtl-
sрhсrс), Mtlscow: Маshiпоstrоепiе, l 97tt.

Neishtadt. A,I., Vаriаtiоп оГАdiаhаtiс lпчагiапt Сrоssiпg
the Sераrаtri х, Fiъ РIuапуl l 98б, vol . l2, п0. 8, р, 992.

I-it'shits. I.M., Slutskin, А.д., апd Nabutovskii, V.м.,
Fсаtuгсs оf Сhагgсd Раrtiсlс Motitln iп Сhапgiпg апd
InhKlm()gcne(lu.s Electrtlrnagnetic Fields, 7Jt. Eksp- Теоr.
F'fl., l96l , vol. 4l, ntr. 3, р. 939.

I.

2.

з.

4.

COSMIC RESEARCH Vol. з5 No. 3 1997


