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ABSTRACT

Advanced Mission Scenarios of the Three-Body Problem introduces one of the 
classical problems of celestial mechanics through the prism of the problems and 
challenges of modern astrodynamics. It examines current issues in modern 
astronautics related to the study and colonization of Mars, exploration of the Moon, 
space debris, and contactless space transportation technologies.
Describing the dynamics of space tether systems and space elevators in the 
gravitational field created by two massive bodies, the book presents an original 
technology for contactless gravitational transportation of space debris using a heavy 
gravitational collector. It provides practical recommendations for the 
implementation of new pioneering missions related to tether transportation in the 
vicinity of libration points, the construction of space elevators on planetary moons, 
and contactless electrostatic and gravitational transportation, including in the 
context of the space debris problem.
This book is intended for space systems and spacecraft engineering industry experts 
and researchers studying space transportation and modern challenges in 
astronautics.
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Chapter 1

Classical Approaches and Methods for Studying 

the Three-Body Problem



The Three-Body Problem
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1 2 3,  ,   m m m are masses of the material points

 11 3 2 16.67430(15) 10 m s kgG     is the gravitational constant

 
ir is the position vector of i-th point Figure 1.1. The three body problem. 



The Restricted 

Three-Body Problem

(1.3)

p is the semilatus rectum

e is the eccentricity of the two-body orbit of the primaries

f is the true anomaly
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U is potential of the gravitational field

Figure 1.2. The Oxyz reference frame. 



Nechvile’s variables

(1.6)
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Jacobi Integral

(1.8)

(1.9) (1.10)
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Lagrange Libration Points

(1.11)
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Figure 1.3. The libration points. 



Lagrange Libration Points

(1.12)
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Hill’s Radius

The Hill sphere is the space around an astronomical object (such as a

planet) in which it is able to hold its satellite despite the gravitational pull

of the object around which it orbits.
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Zero-Relative-Velocity Surfaces
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Periodic Orbits



Quasi-satellite orbits

A quasi-satellite orbit (QSO) in a planet-moon system can be

defined as an orbit that is in resonance with the moon’s orbital

motion around the planet. These types of orbits are located farther

away than the coplanar libration points L1, L2.

Figure 1.6. Quasi-satellite orbits around the Moon 

obtained for different resonance ratios. 



Chaos in the restricted three-body 

problem



Chapter 2

Space Tether Systems 

for Mars-Phobos Exploration



2.1. Application of tether systems fixed 

at the L1 libration point and at quasi-satellite orbits



Figure 2.1. Concept art of PHLOTE mission 

to explore the surface of Phobos.

Figure 2.2. The scheme of the proposed mission 

to explore the surface of Phobos. 



2.2. A space tether system as a pendulum 

fixed at the L1 libration point 



Figure 2.3. Dependences of the potential energy and the corresponding phase portrait 

for various levels of energy for the tether length.

Constant-length tether oscillations (2.1)L const l const
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( ,  )l  are polar coordinates of the small body

( )W  is the dependence of the potential energy W on the angle  



The tension force control for the tether deployment, angular stabilization 

and maintaining the required distance above the moon surface

(2.5)

Stage 1. Tether deployment from the orbiter to a given length. At

the end of the deployment, the tether rate should be zero.

Stage 2. The angular stabilization of the end body relative to the

lower stable equilibrium position ( ) closest to the moon’s

surface.

Stage 3. Maintaining a constant altitude between the lower end of

the tether system and the moon’s surface to counteract the change

in altitude due to pulsation in the L1 libration point position.
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Numerical simulation of the mission to explore the surface of Phobos under the L1 

libration point 

Stage 1

Figure 2.4. The tether deployment length and the oscillation angle 

of the tether for the ejection velocity.

Figure 2.5. The tether deployment length and the oscillation angle 

of the tether for different initial ejection angles. 



Numerical simulation of the mission to explore the surface of Phobos under the L1 

libration point 

Stage 2

Figure 2.6. Tether angular stabilization towards Phobos. 

Figure 2.8. The tether oscillation angle and the tether length

during the maintaining stage. 

Figure 2.7. Tether angular stabilization towards Mars.

Stage 3



2.3. A double pendulum fixed at the L1 libration point 



Equations of motion of a double pendulum fixed at the L1 libration point 

(2.6)1 2 2 1, m m M M const 
df

n
dt

(2.8)

Figure 2.9. The double pendulum 

fixed at the L1 libration point. 
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Total potential energy and equilibrium positions of a double pendulum 

(2.9)

Figure 2.10. The total potential energy surface

for an equal pendulum. 
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Equilibrium positions map of a double pendulum 

Figure 2.11. The total potential energy surface

for an equal pendulum. 

(2.12)
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Equilibrium positions map of a double pendulum 

Figure 2.13. The influence of the parameter 

on the equilibrium lines (2.12). 

Figure 2.12. The influence of the parameter 

on the equilibrium lines (2.12). 
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Small motion around lower equilibrium configuration 

Figure 2.14. The mode ratios for the double pendulum

swinging toward Phobos.

Figure 2.15. Dependence of the natural frequencies 

on the length ratio for various mass ratios              
1 2, 

0.5,1,2. 

Figure 2.16. Dependence of the mode ratios

on the length ratio for various mass ratios              
1 2,b b

0.5,1,2. 



Small motion around upper equilibrium configuration

Figure 2.17. The mode ratios for the double pendulum

swinging toward Mars.

Figure 2.18. Dependence of the natural frequencies 

on the length ratio for various mass ratios              
1 2, 

0.5,1,2. 

Figure 2.19. Dependence of the mode ratios

on the length ratio for various mass ratios              
1 2,b b

0.5,1,2. 



2.4. Partial space elevator fixed 

at the L1 libration point 



Tethers’ tension forces during acceleration, 

movement at constant velocity and braking of a climber

(2.13) (2.14)1 2 2 1, m m M M  
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Figure 2.20. The deflection angles 

of the partial space elevator tethers          1 2, 
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Tethers’ tension forces during acceleration, 

movement at constant velocity and braking of a climber

Figure 2.21. The climber’s velocity profile 
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The acceleration phase:
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Climbing from the surface of Phobos to the L1 libration point 

and return using a partial space elevator deployed towards Phobos 

Figure 2.22. Changing the deflection angles of the partial space elevator tethers

during the climber lifting from the surface of Phobos to the orbiter (         ). 
Figure 2.24. Changing the deflection angles of the partial space elevator tethers 

during the climber lowering from the orbiter to the surface of Phobos.

Figure 2.23. The dependences of the tension forces on time during 

the climber lifting from the surface of Phobos to the orbiter (         ).  
Figure 2.25. The dependences of the tension forces on time 

during the climber lowering from the orbiter to the surface of Phobos.

1 

1 



Climbing from the surface of Phobos to the L1 libration point 

and return using a partial space elevator deployed towards Phobos 

Figure 2.26. Changing the deflection angles of the partial space elevator tethers

during the climber lifting from the surface of Phobos to the orbiter (         ). 

Figure 2.27. The dependences of the tension forces on time during 

the climber lifting from the surface of Phobos to the orbiter (         ).  

2 

2 

Figure 2.28. Changing the deflection angles of the partial space elevator tethers

during the climber lifting from the surface of Phobos to the orbiter (             ).0.5 

Figure 2.29. The dependences of the tension forces on time during 

the climber lifting from the surface of Phobos to the orbiter (             ).0.5 



Climbing to the L1 libration point and return to the elevator’s end 

using a partial space elevator deployed towards Mars 

Figure 2.30. Changing the deflection angles of the partial space elevator tethers 

during the climber motion towards the L1 libration point. 
Figure 2.31. Changing the deflection angles of the partial space elevator tethers 

during the climber motion towards Mars. 



Turning the partial space elevator from Phobos towards Mars and back 

Figure 2.32. Dependence of the tether deflection angle 

on time when using control.
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Figure 2.33. Dependence of the tether length 

on time when using control.

Figure 2.34. Dependence of the tether tension force

on time when using control.

Figure 2.35. Dependence of the tether deflection angle 

on time when using control.

Figure 2.36. Dependence of the tether length 

on time when using control.

Figure 2.37. Dependence of the tether tension force

on time when using control.
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2.5. Space tether system at quasi-satellite orbit 



Equations of motion of a space tether system at quasi-satellite orbit 

Figure 2.38. Space tether system in the restricted three-body problem. 
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Deployment of tether system from the orbiter in low QSO 

to study the Phobos's surface 

(2.24)
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are the control law coefficients.

It is assumed that Phobos has the shape of an ellipse.

R is the distance from the observation point on the 

Phobos’s surface to the Phobos center.

d is the distance between the tethered end body 

and the center of Phobos.

,d Vk k

Figure 2.39. 

Deployment of the space tether system

from the rightmost point.

Figure 2.40. 

Deployment of the space tether system

from the lowest point.



Deployment of tether system from the orbiter in low QSO 

to study the Phobos's surface 

Figure 2.41. Time history of the tether deflection angle. Figure 2.43. Time history of the flight velocity 

of the tethered end-body.

Figure 2.42. Time history of the tether length. Figure 2.44. The flight trajectory of the tethered end-body 

over the Phobos’s surface.



Figure 2.45. The tether retrieval at a constant velocity. Figure 2.46. The tether retrieval at a constant velocity with 

an additional control thruster.

Retrieval of the tether system into orbiter in low QSO 
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Chapter 3

Moon-Anchored Space Elevators



Space elevator concept 

Figure 3.1. Space elevator scheme.



3.2. A pendulum anchored at the surface 

of a moon below the L1 libration point 



Motion equations in the circular case 

(3.1)2 1m M M

(3.3)

Figure 3.2. Moon-anchored 

space tether system in Mars-Phobos system. 
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(3.2)

T is the tension force.



Phase portraits and bifurcation diagram in the circular case 

Figure 3.3. a) Phase portrait         , 

and  b) the function            formmmmmmmmm .

( ) 
 ( )F  4000m, 0 Al y

Figure 3.4. a) Phase portrait         , 

and  b) the function            formmmmmmmmm

( ) 
 ( )F  4000m, 500 Al y



Phase portraits and bifurcation diagram in the circular case 

Figure 3.5. a) Phase portrait         , 

and  b) the function            formmmmmmmmm

( ) 
 ( )F  4000m, 2091.88 Al y

Figure 3.6. Bifurcation diagram.



Tether tension force

(3.4)
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Figure 3.7. a) Tension force and b) deflection angle 

as a function of time for                                   4000m, 0 Al y

Figure 3.8. a) Tension force and b) deflection angle 

as a function of time for                                   5000m, 0 Al y

Figure 3.9. a) Tension force and b) deflection angle 

as a function of time for                                       5000m, 300 Al y



Tether tension force

Figure 3.10. Tension force and its components for

05000m, 300 m, 0.5 rad  Al y

(3.5) 
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Feedback control for tether stabilization 

Figure 3.11. The Lyapunov function.

(3.7) u c   0c 

Feedback control law

A Lyapunov function 

(3.8)
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Figure 3.12. a) The tension force and b) the tether deflection angle 

for the initial point                                           .
0 00.3rad, 0 rad/s  

Figure 3.13. a) The tension force and b) the tether deflection angle 

for the initial point                                          .
0 01.1rad, 0 rad/s  



Validation for the anchored tether 

within an elliptic restricted three-body problem 

Figure 3.14. a) The tension force and b) the tether deflection angle 

for the uncontrolled motion (           ) of 5000m tether.0 c

(3.9)
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Figure 3.15. a) The tension force and b) the tether deflection angle 

for the uncontrolled motion (                    ) of 5000m tether.0.0001 c

Figure 3.16. a) The tension force and b) the tether deflection angle 

for the uncontrolled motion (                    ) of 10000m tether.0.0001 c



3.3. Chaotic oscillations of an anchored pendulum 

below the L1 libration point 



Perturbed and unperturbed motion of a constant length tether 

Figure 3.17. Bifurcation diagram for the Mars-Phobos system. 
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Chaos detection

Figure 3.18. Poincare section for the unperturbed case (e = 0). Figure 3.19. Poincare section for the perturbed case (e = 0.0151). 

(3.12)
 

 
2

1 sin
1 cos

d

e
f

e f
  


 



Tether length control for chaos suppression. Melnikov function 

(3.13)
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*

k is the critical value of the control coefficient.

Figure 3.20. The Melnikov function for the a) upper branch of separatrix              , 

and b) for the lower branch of separatrix              . 
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Tether length control for chaos suppression. Melnikov function 

Figure 3.21. Poincare sections for
6 m61 10.4 ,  40000

 
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Figure 3.22. Poincare sections for
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Figure 3.24. The tether length history of true anomaly 

during chaos suppression for                                       . 

Figure 3.23. Poincare sections for
52 ,  4000m10

 k l

Figure 3.25. Dependence of the tether tension force T

on true anomaly during chaos suppression. 



3.4. A double pendulum anchored at the surface 

of a moon below the L1 libration point 



Equation of motion of a double pendulum anchored on the moon

Figure 3.26. Double pendulum 

in the circular restricted three-body problem. 
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Evolution of the generalized potential energy

near zero equilibrium 

Figure 3.27. Surfaces of the generalized potential energy U* 

for various lengths of the pendulum links.

(3.17)
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Small motions near zero equilibrium 

Figure 3.28. Dependence of the square of the natural frequency     on the length of the links       

of the equal mass double pendulum for the a) Mars-Phobos, b) Earth-Moon systems.
1 1 2,l l

1 

Figure 3.29. The boundary between stable and unstable region for the a) Mars-Phobos, b) Earth-Moon systems.



Impossibility of building 

a Moon-anchored space elevator 



3.5. An anchored space elevator 

with a moving climber under the L1 libration point 



Two possible configurations of a space elevator 

Figure 3.30. Two configurations of space elevator: a) standard, b) and c) hovering. 

(3.18)

The classic lunar-anchored

space elevator:

 
1 2l l l const  

(3.19)

A hovering lunar space elevator:
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Numerical simulation of the classical lunar space elevator 

(3.20)
2 1 21 0.1rad, 0.05rad, 0      

(3.21)21 1 20, 0    

Figure 3.31. The tethers' deflection angles 

during the climber's ascent with initial conditions (3.20).
1 2,   

Figure 3.33. The tethers’ deflection angles 

during the climber's ascent with initial conditions (3.21).
1 2,   

Figure 3.32. The tethers’ tension forces

during the climber's ascent with initial conditions (3.20).
21,  T T



Numerical simulation of the classical lunar space elevator 

(3.20)2 1 21 0.1rad, 0.05rad, 0      

Figure 3.34. The tethers' deflection angles 

during the climber’s descent with initial conditions (3.20).
1 2,    Figure 3.35. The tethers’ tension forces

during the climber’s descent with initial conditions (3.20).
21,  T T



Numerical simulation of the hovering lunar space elevator 

Figure 3.36. The tethers' deflection angles 

during the end-mass ascent. 
1 2,   

Figure 3.37. The tethers’ tension forces

during the end-mass ascent.
21,  T T

Figure 3.38. The tethers' deflection angles 

during the end-mass descent. 
1 2,   

Figure 3.39. The tethers’ tension forces

during the end-mass descent.
21,  T T



Numerical simulation of the hovering lunar space elevator 

Figure 3.40.Trajectories of the probe's motion in the rotating Oxy coordinate system 

after separation from the tether at different altitudes.



Chapter 4

A Splitting of Libration Points 

by an Artificial Electrostatic Field



4.1. A splitting of collinear libration points 

in circular restricted three-body problem 

by an artificial electrostatic field 



Equations of motion of a space tether system at quasi-satellite orbit 

Figure 4.1. The mechanical system. 
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Equations of motion of a space tether system at quasi-satellite orbit 

Figure 4.2. Splitting the collinear libration points. 
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Libration Points Stability 



Numerical study of the electrostatic charge level influence 

on the trajectory of a charged body 

Figure 4.3. Trajectories of a charged capsule near the     libration point at different charge levels: 1L

2 2 2a) 0 b) 0.1 N m 0.2 N m 0.7 N m             



4.2. Prospects of Phobos sample return mission using 

electrostatic container 



Figure 4.4. Splitting of the unstable Mars–Phobos      libration point.
1L

Problem formulation Restricted three-body problem 

with E-field influence 
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Figure 4.5. Contour plot of the effective potential in the vicinity of the

point for                                                    2 2a) 0.4 N m b) 0.04 N m       
1L



Determination of the container’s trajectory 

Figure 4.6. The Capture Sphere.
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Determination of the container’s trajectory 

Figure 4.7. The container trajectory for different parameters and initial conditionals.

Figure 4.8. The container trajectory for different parameters and initial conditionals.



4.3. Capture trajectories into vicinity of collinear libration

points by variable electrostatic field 
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The orbiter charge control law 
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Figure 4.9. Trajectories of a charged body near the 

libration point for                                   . a) 0.01 b) 0.1  
1L

Figure 4.10. The orbiter voltages for the four controlled trajectories

of the charged body for                                    . a) 0.01 b) 0.1  



4.4. Attitude motion of cylinder 

in variable electrostatic field near the L1 libration point 



Assumptions and reference frames 

Figure 4.11. Reference frames and Euler angles. 

h is the height of the cylinder 

z(4.12) , ,x y z xJ J J J  h R (4.13)

R is the distance between the libration point and 

the body's center of mass



Equations of planar motion for the center of mass of a charged body
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Equations of attitude motion for a charged cylindrical body

z

 
1

1 15

1

c( (
3

) cos cos os cos c )ot sin sin)( ( )x x y

GM
J J J c R c R

r
       


     



 
2

2 25

2

3
cos cos cos cos cot sin sin( )( ( ))

GM
c R c R

r
           

 
2

2

cos csc sin
sin cos 2 cos c( ) sc

Q

y x

k
n J J

R

  
        

 
1

15

1

3
sin cos sin cos cos sin cos( ) ( ( ))x x y

GM
J J J c R

r
             





 
1 o( cos cos cos c s( ))cos sin sinc R        

 
2

25

2

3
sin cos sin cos c i( os s n o( ))c s

GM
c R

r
         

 2 2

2( cos cos (cos cos cos sin sin )) sin cos (sin )c R n              

 

2

co( )
(

s cos cos sin sin
cos sin)

Q

x y

k
J J

R

    
   


  

(4.17)



Numerical simulation of the motion of a charged cylindrical body

z
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Point A: 

Point B: 

Figure 4.12. Trajectories of a charged body near 

the L1 libration point for initial conditions (4.18), (4.19). 

Figure 4.14. Time history of the nutation angle for initial condition (4.19). Figure 4.13. Time history of the nutation angle for initial condition (4.18).



Numerical simulation of the motion of a charged cylindrical body

Figure 4.15. Time history of the projections of  a) gravitational, b) centrifugal, 

and c) electrostatic torques for the initial conditions (4.19), (4.20). 

Figure 4.16. Time history of a) the nutation angle and b) the body trajectory 

for initial condition (4.19) and                 .30kVbV 

Figure 4.17. Time history of a) the nutation angle and b) the body trajectory 

for initial condition (4.19) and                .75kVbV



Numerical simulation of the motion of a charged cylindrical body

Figure 4.19. Time history of the nutation angle for initial condition (4.22). 

Figure 4.18. Time history of the nutation angle for initial condition (4.21).
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Figure 4.20. Time history of the nutation angle for initial condition (4.23). 



Chapter 5

Contactless Gravitational Transportation



5.1. Scheme of contactless transportation of space debris by 

a heavy collector 



Figure 5.1. The scheme of the considered space debris removal method.



Basic idea and preliminary estimates 

Figure 5.3. Dependence of the radius of the Hill sphere on the mass of the collector.Figure 5.2. The Hill sphere for 5

2 10 kg  M



Basic idea and preliminary estimates 

Figure 5.4. The Local-Vertical-Local-Horizontal frame and polar coordinates.
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The position of space debris 

in polar coordinates
Jacobi integral



Equations of motion of space debris 

in the gravitational field of the Earth and the collector 

(5.3)
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Figure 5.5. 

Trajectories of space debris relative to the collector 

for initial conditions a) (5.4) and b) (5.5).

Figure 5.6. 

Trajectories of space debris relative to the collector 

for initial conditions a) (5.4) and b) (5.5).



The space debris motion accounting the gravitational field of the Moon 

Figure 5.7. The Earth-Moon frame 
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5.2. Dynamic maneuvers of the heavy collector 



Figure 5.8. The local-vertical-local-horizontal reference frame.

(5.10)
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5.3. The capture and towing of the debris 

by the collector 
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Initial conditions:
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The debris velocity after impact:

normal projection of the velocities 

just before impact.

normal projection of the velocities 

right after impact.

is the coefficient of restitution, 

which is defined as the ratio of the velocity 

of the debris after impact to its velocity before impact.

Figure 5.9. Trajectories of space debris motion from initial points (5.11)

for different values of the trust force, the restitution coefficient and size.



5.4. Discarding collected debris 

in the disposal orbit 



Figure 5.10. The space debris discarding 

by accelerating the collector (P = 0.045 N).

Figure 5.11. The space debris discarding 

by accelerating the collector (P = 0 N,                                  ).2 0.0005 /   rad s



Chapter 6

Two-Impulse Moon-Planet Transfer:

A New Scenario



6.1. Scheme of two-impulse Moon-Planet transfer 



Figure 6.1. The two-impulse Moon-Planet transfer in the frame Oxy.
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1. Rest at unstable libration points
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where is the coordinate of the i-th libration point in Oxy

(6.2)

2. Motion around the planet including landing trajectories on the planet that

intersect its surface

3 2 1
  L A Lx x x  (6.3)

3. Motion around the moon
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4. Motion around the planet and the moon along the outer trajectory
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Figure 6.2. The two-impulse Moon-Planet transfer 

in the frame Oxy.



6.2. Equations of motion of a spacecraft accounting 

the influence of the planet's atmosphere



Equations of motion in the planar elliptic restricted three-body problem with 

consideration of aerodynamic force 

(6.6)

S is the cross-section of spacecraft.

V is the velocity of the spacecraft.

is the atmospheric density.



Figure 6.3. The reference frames. 
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dC is the aerodynamic drag coefficient.
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is the angle between the axis Ox and the velocity vector.



Equations of the spacecraft’s atmospheric entry 

(6.8)

g is the gravitational acceleration defined as

is the flight path angle .

Figure 6.4. The reference frames. 

h is the altitude.
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6.3. Simulation of the Phobos-Mars transfer mission 



Figure 6.5. Landing trajectories for various transition points 2A

Figure 6.6. The aerodynamic force acceleration for various transition points 2A

Figure 6.7. The spacecraft’s velocity for various transition points 2A

Figure 6.8. The launch trajectories for various transition points 2A



6.4. Simulation of the Moon-Earth transfer mission 



Figure 6.5. The landing trajectories for various transition points 2A

Figure 6.9. The aerodynamic force acceleration for various transition points 2A

Figure 6.10. The spacecraft’s velocity for various transition points 2A

Figure 6.11. The launch trajectories for various transition points 2A
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